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Abstract 

Supersymmetric extreme dyonic black lioles of toroidally compactified het- 
erotic or type II string theory can be viewed as lower-dimensional images of 
solitonic strings wound around a compact dimension. We consider conformal 
sigma models which describe string configurations corresponding to various ex- 
treme dyonic black holes in four and five dimensions. These conformal models 
have regular short-distance region equivalent to a WZW theory with level pro- 
portional to magnetic charges. Arguments are presented suggesting a universal 
relation between the black hole entropy (area) and the statistical entropy of 
BPS-saturated oscillation states of solitonic string. 
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1 Introduction 



String theory generalises the Einstein theory in many ways. In addition to the Ein- 
stein term, the low-energy effective action of string theory contains also a combina- 
tion of extra massless 'matter' fields with special couplings; there are classical higher 
derivative a'-corrections; exact classical string solutions are described by conformal 
field theories which often correspond to higher dimensional backgrounds and their 
properties should be determined by studying propagation of test strings instead of 
test particles, etc. As a result, string theory introduces several new aspects in the 
black-hole physics. At the same time, it is also likely to provide answers to some old 
questions. 

In general, properties of leading-order string solutions are modified by both clas- 
sical [a') and quantum (e*) string corrections. There exists a special class of extreme 
(super symmetric, BPS saturated) black hole solutions for which these corrections are 
expected (see e.g. to be more under control and which, hopefully, may be used 
as 'solvable models' to study some aspects of black hole physics. 

The extreme field configurations contain vector fields of Kaluza-Klein origin and 
thus are actually 4-dimensional 'images' (or dimensional reductions) of higher dimen- 
sional backgrounds. It turns out that electrically charged extreme D = A black holes 
are, in fact, approximate descriptions of higher (e.g. D = 5) dimensional fundamental 
string backgrounds 0. The latter are field configurations produced by classical fun- 
damental strings wound around compact spatial directions, i.e. they are supported 
by 5-function sources . This provides an explanation 0, |^ of why the electrically 
charged BPS saturated extreme black holes are in one-to-one correspondence with 
BPS states in elementary string spectrum in flat space ||, 0|. 

The condition of BPS saturation is still satisfied if, in addition to some wind- 
ing and momentum numbers (related to electric charges of Z) = 4 black hole), the 
fundamental string source is also oscillating in compact directions (e.g., in the left- 
moving sector in the heterotic string case) ^, ^. Higher-dimensional backgrounds 
produced by fundamental strings with different oscillation patterns reduce to a fam- 
ily of extreme black holes with the same electric charges but different non-vanishing 
massive 'Kaluza-Klein' fields ('hair') which are invisible at scales larger than the com- 
pactification scale. This suggests a natural way of understanding the thermodynamic 
black-hole entropy in terms of degeneracy of string configurations ^ which give 
rise to black holes with the same values of asymptotic charges [§, ||. To reproduce the 
black hole entropy as a statistical entropy In d{N) it is important that the oscillating 
object is a string-like, i.e. has exponentially growing number of states at a given 
oscillator level (it is not enough to consider just a Kaluza-Klein field theory) .0 

^Though singular at the classical level the fundamental string solutions should become regularised 
(get \/a'-'thickness') once quantum oscillations of the source (i.e. a'-corrections) are taken into 
account ||]. This expectation is essentially equivalent in the present context to the suggestion 
that the thermodynamic black-hole entropy, which vanishes when evaluated at the singular horizon 
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The magnetically charged extreme black holes are dimensional reductions of cer- 



tain D > 5 solitonic configurations [|TT], |T2[. They are regular, i.e. have a finite size 
of the 'core'.Q While for the extreme electric black hole or fundamental string solu- 
tion the effective string coupling (exponential of the dilaton, e^* = e^*°°(l + 7)"^) 
goes to zero at small scales, it blows up near the origin for the magnetic solution 
(e^* = e^*°°(l + -^)). As a result, string loop corrections may not be ignored. 

Remarkably, this problem can be avoided if one considers certain extreme dyonic 
black holes. The condition of preservation of supersymmetry implies |1^ that the 
electric (Q) and magnetic (P) charges should correspond to different vector fields. In 
addition, since we are interested in string-theory solutions which have exact conformal 
(T-model interpretation, these vector fields (at least part of them) should originate 
from different internal dimensions. These black holes are reductions of higher {D > 



6) dimensional string solitons |18, 19| with all of the background fields being regular. 
As in the purely electric case there is actually a large class of D = 4 dyonic BPS- 
saturated black hole backgrounds which differ only by their short- distance structure 



and correspond to BPS-saturated excitations of the solitonic string pO, ITU 



The dilaton field is generically given by a ratio of the magnetic and electric charge 
factors, e.g., e^* = e^*°°(r + P)/(r + Q). The approximate constancy of the dilaton 
both at large and small distances ensures that these four-dimensional dyonic black 
holes are more 'realistic' than purely electric or purely magnetic ones. Indeed, these 
solutions have global space-time structure of extreme Reissner- Nordstrom black holes. 
Also, in contrast to the purely electric or magnetic extreme black holes which have 
zero area of the horizon, here the area is proportional to the product of electric and 



magnetic charges [0, opening a possibility to compare the statistical entropy to 
Bekenstein-Hawking one |^. By analogy with the corresponding counting for purely 
electric black holes (oscillating fundamental string counting) |, |] the entropy 
should now have an interpretation in terms of counting of different BPS-saturated 
solitonic string states with given values of asymptotic charges [^, . 

Below we shall consider an example of such background described by magnetically 
charged (via coupling to sixth internal dimension) solitonic string wound around fifth 
compact dimension (with winding and momentum numbers giving rise to electric 

(r — 0) of the leading-order effective field theory solution, should instead be computed at the 
'stretched' horizon ||^ at r ~ y/a'. The resulting expression is then proportional to the statistical 
entropy corresponding to free string states |l3) . 

•^The magnetic charge plays the role of a short-distance regulator, providing an effective shift 
r ^ r + P (analogous to r r + \/a' that should happen in the exact fundamental string solution) . 

^Supersymmetric dyonic solutions with Q and P corresponding to the two vector fields {G^^ 



and -65^) associated with the same Kaluza-Klein dimension 15, |16| can be obtained from purely- 
electric or purely-magnetic solutions by SL{2, R) duality rotations (which change tr-model metric 
and in general may not preserve manifest conformal invariance of cr-model since S'-duality is not 
a symmetry at string tree level). Dyonic backgrounds with both Q and P associated with the 
same vector field (see, e.g., jl^) completely break supersymmetry Q and do not correspond to a 
manifestly conformal 2d theory, i.e. are non-trivially deformed by a' corrections. I am grateful to 
T. Ortm for clarifying discussions of related issues. 
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charges of the D = A black hole) |T8[ . The important point is that here one is dealing 
with explicitly known well-defined conformal a-model. For large values of charges 
the level of the WZW-type conformal field theory which describes the short-distance 
('throat') region is large and thus the counting of excited states should proceed in 
more or less the same way as in fiat space case up to a rescaling of the string tension 



by a product of magnetic charges [19|, as suggested in [20|. As a result, one is able 



to reproduce the Bekenstein-Hawking expression for the black hole entropy using 
semi classical string-theory considerations [20, |1^. The universality of this approach 
is confirmed by a similar analysis of the case of (both non-rotating and rotating) 
D = 5 extreme dyonic black holes (the special case oi D = 5 dyonic black holes with 
all charges being equal was considered using different methods in |2l|, ^). 

We shall start with listing the conformal a-models describing string configurations 
which represent, upon dimensional reduction, to various D = 4 and D = 5 extreme 
black hole backgrounds (Section 2). We shall then concentrate on the simplest models 
(corresponding to 4-charge dyonic black hole in four dimensions [|14[ |18[ and 3-charge 
dyonic black hole in five dimensions) and explain, both for D = 4 and D = 5 cases, 
how one may relate their thermodynamic entropy to the statistical entropy of excited 
BPS-saturated solitonic string states (Section 3). In Section 4 we shall consider a con- 
formal cr-model describing a rotating D = 5 supersymmetric extreme dyonic black 



hole which generalises the solution in p2|. We shall find that conditions of confor- 



mal invariance and regularity at short distances demand the presence of two equal 
components of rotation in two orthogonal planes. The consistency of 2d conformal 
model implies a quantization condition for the angular momentum and a bound on 
its maximal value. 

Most of the results about D = A dyonic black holes have already appeared in [^, 
p!9|] while the construction of D = 5 dyonic black holes and statistical understanding 
of their entropy using the conformal a-model approach are new. 



2 Conformal models for fundamental and solitonic 
strings, and extreme black holes 

Classical string solutions are described by conformal 2d cr-models. In the case when 
the background fields (cx-model couplings) do not depend on some compact isomet- 
ric coordinates one may re-interpret the cr-model action as representing a lower- 



dimensional background with extra Kaluza-Klein fields (for a review see, e.g., p3|). 

Below we shall discuss the conformal models for certain fundamental and solitonic 
string backgrounds, which, upon dimensional reduction, may be identified as > 1 
supersymmetric D = 4 or D = 5 extreme black holes. We shall give only the bosonic 
parts of the corresponding (2, 1) (in type II theory case) or (2, 0) (in heterotic string 
theory case) world-sheet supersymmetric Lagrangians. 
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2.1 Fundamental strings and electric black holes 

The fundamental string solutions are described by the D = 10 conformal chiral null 



models |2J] with fiat transverse part. An example is provided hy {u = t + y, v = t — y) 
L = F{x)du [dv + K{x)du\ + dx'Bx' + 7^<l>(x) . (1) 
This model is conformal to all orders if 

^2^-1 = 0, d'^K-^ = 0, $ = <l>oo + |lnF. (2) 
If the functions depend on D — 2 transverse dimensions, then 



1 + ^ = ^0 + ^, r2 = xV, (3) 



describes (for Kq = 0) a background produced by a fundamental string || wound 
around the compact dimension y = y + 2ttR with the winding number w and the 
momentum number m along y being proportional to Q2 and Qi, 

IGttG^ m IQtiG^j^ wR , , 

Here wd-s = 27r^/r(^) is the area of unit sphere va. D — ?> dimensions and 
= G^^^ /27tR is the Newton's constant in D — 1 dimensions (which is fixed 
under T-duality, m ^ w, <-> a'/R, Qi ^ Q2)-Q In the case of D = 5 fundamental 
string X* = {x'^,y"') where x^ {s = 1,2,3) are three non-compact spatial coordinates 
and y"' (n = 1,...,5) are toroidally compactified coordinates (with y = y^). The 
dimensional reduction along y gives extreme electrically charged Z) = 4 black hole. 
Equivalent D = A background is found by choosing Kq = 1, u = y',v = 2t and 
dimensionally reducing along the 'boosted' coordinate y'. Starting with the D = 5 
model (|1D,(|) with 

F-' = l + ^, K=l + ^, r2 = x^x^ (5) 

Qi=4Gn'^=4GnQi, Q2=^Gn^ = 4GnQ2, GN = Gf, (6) 
R a' 



^We shall use the following notation. The free string action is J = (Tra') ^ J (Padxdx — {Ana') ^ 
J (fadaxd^x. The string effective action is So = (167rG^V^ / d^x V^e-^"^' {R + ...) = 
(IGTrGj^V^ / d^x^/^{Rg + ...). Here G^,^ and Qfj,!, are the string-frame and Einstein-frame met- 
rics (both equal to rj^i, at r — + 00), $' is the non-constant part of the dilaton (i.e. <1>'^ = 0). In 

general, the Newton's constant is G^"* ~ e^*°°a'*/Vio-_D where ^10-15 stands for the volume of 
internal (10 — Z?)-dimensional space. 
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one finds the following D = 4 string- frame metric [^| 



ds^ = -X\x)dt^ + dx'dx' , = FK-^ . (7) 
The Einstein-frame metric and the (non-constant part of) D = 4 dilaton are 

dsl = -\{r)de + \~\r){dr^ + rMnl) , (8) 

A(r) = e'*'w = , = . (9) 



r + Qi)(r + Q2) 

In addition, there are two vector fields and a scalar modulus (radius of y-direction) . 
The T-duality in the y-direction interchanges the 'winding' and 'momentum' charges 
Q2 and Qi (i.e. interchanges the vector fields associated with _B^y and G^y). 

The special cases of Q2 = and Qi = describe the Kaluza-Klein (a = y^) 
extreme electric black hole and its T-dual, while the case of Qi = Q2 corresponds to 
the dilatonic (a = 1) extreme black hole [p5| . 

Other supersymmetric BPS-saturated black hole solutions with the same values 
of electric charges Qi, Q2 but different short-distance structure are found by starting 
with a more general conformal model (which can be viewed as an integrated marginal 
deformation of the model (0)) describing fields produced by BPS-saturated oscillating 
string states of the free string spectrum with fixed values of the winding and momen- 
tum numbers in the ^/-direction. This model is itself a special case of the chiral null 



model 



L = F{x)du [dv + K{u, x)du + 2Ai{u, x)dx'\ + dx'dx' + n^{x) , (10) 

where, for conformal invariance, Ai should satisfy diJ^^^ = 0, J-'ij = diAj — djAi. 
For example, one may choose K = fn{u)y'^ + Qi/r, A5 = q/r where /„ will then be 
related to the profile of 'left' oscillations of the string source in 'transverse' directions 
{d'^X'"' = —2/") and q will be the ('left') electric charge of the string. The level 
matching condition for the string source will then imply QiQ2 — q^ ~< {duX^)"^ > 0]. 
Viewed from 4 dimensions (i.e. after averaging in u), this background will describe 
a family of extreme electrically charged black holes with the same electric charges 
{Qi,Q2',q,—q) (corresponding to 6-th and 5-th internal dimensions) but different 
short- distance structure (massive 'hair') depending on a choice of the oscillation profile 
function [g 



2.2 Superconformal cr-models and magnetic black holes 

The magnetic counterparts of the extreme D = 4 electric black holes can be found 
hj D = 4 ^-duality transformation, or by considering the above fundamental string 
model as a 6-dimensional background and applying the S'-duality transformation in 
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6 dimensions [G ^ e ^^G, dB ^ e * dB, $ At the string-theory level 

the corresponding solitonic configurations are described by = 4 superconformal 



models with the bosonic part of the Lagrangian given by |18 

L = -dtdt + dy^'dy'' + f{x)k{x)[dy + as{x)dx'][dy + as{x)dx'] 

+ f{x)k-\x)dx'dx' + bs{x){dydx' - Bydx') + 7^0(x) . (11) 

As above, x'^ are three non-compact spatial dimensions, while y and y^ are compact 
coordinates. To have = 4 ((4,0) in the heterotic or (4,1) in the type II case) 
world-sheet supersymmetry and conformal invariance we shall assume that all the 
fields depend only on a;"* and /, fc, a^, 6^, are subject to 

d.d'f = , dsd'k-^ = , (12) 

dphq - dgbp = -epqsd'f, dpUg - d^ap = -epgsd'k'^, = ^ In /. (13) 

Under T-duality in y-direction / — > k^^, k bg, bg as, (provided 

a^pbq] = 0). The simplest 1-center choice for the harmonic functions 

/ = l + y, k-^ = l + y, ttsdx' = Pi{l- cos 9)d^, bsdx' = P2{1- cos 9)dyD, (14) 

leads, upon dimensional reduction along y and directions, to the D = A extreme 
magnetic black hole backgrounds parametrised by the two charges Pi and P2- The 
special cases of this model include: the Kaluza-Klein monopole or a = -\/3j -D = 4 
magnetic black hole (P2 = 0), its T-dual - the if-monopole background |Tl| (Pi = 0), 
and the T-self-dual model corresponding to the a = 1 dilatonic magnetic black hole 
[|12|(Pi = P2). A generalization of (|Tl]) to the case of several magnetic charges 
(obtained by adding extra free coordinates and applying T-duality transformation) 
was discussed in 

The D = A metric corresponding to (0) has the form (|^,(P) with 



A(r) = = e-^*(^) = . (15) 

r + Pi)(r + P2) 



As in the case of the '5-brane' solitonic model the short-distance r — »• region 



of the model (KTt) is a regular 'throat' and is described by (a factor of) SU{2) WZW 



theory with level n = APiP2/a'. 

^This is a formal symmetry of the part of 13 = 6 heterotic or type II effective action which does 
not include extra vector fields. 
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2.3 Solitonic strings and dyonic black holes 



It may look rather surprising that the 'electric' and 'magnetic' models (|l]) and ([TT|) 
can be directly superposed while preserving the exact conformal invariance and N = 2 
world-sheet (A^ = 1, D = 4 space-time supersymmetry. The resulting conformal 
model (with non-trivial 6-dimensional part) is defined by HH 



L = F{x)du dv + K{x)du + f{x)k{x)[dyi + as{x)dx''][dyi + as{x)dx'^] 

+ f{x)k-\x)dx'dx' + bs{x){dyidx' -dyidx') + dy^dy'' + n^{x), (16) 

<l> = $oo + |ln(F/) , 

where u = y2,v = 2t, k = 3,4,5,6, all functions depend only on (s = 1,2,3) 
and F~^, K, /, k~^ are harmonic as in (|^) , ([T^) , ([T^) . With the functions chosen as in 



(|5|),([T^) this model describes a magnetically charged solitonic string wound around a 
compact 'fifth' dimension.^ 

The corresponding D = 4 background obtained by dimensional reduction along 
six compact y-coordinates is the supersymmetric BPS-saturated extreme dyonic black 
hole (first found as a leading order D = 4 solution of T^-compactified heterotic string 
in |l^).0 In addition to the 2 electric and 2 magnetic vector fields and two scalar 
moduli (radii of yi and y2 circles) the dyonic background includes the Einstein-frame 
metric (§) with 



A(r) = sjFK-^kr^ 



(r + Qi)(r + Q2)(r + Pi)(r + P2 



(17) 



and the dilaton $ or the effective D = 4 dilaton $/ 



(4) 



P2 



Q7 



2<I>' 

e (4) 



(r + Pi)(r + P2) 
\{r + Q,){r + Q2) 



Assuming all charges are positive, r = is a regular horizon (for Pj = the hori- 
zon coincides with singularity). There is also a time-like singularity at Vging = 
— minjPi, P2, Qi, Q2}, i-e. the global structure of D = 4 space-time is that of extreme 
Reissner-Nordstrom black holes Jl^ .0 It should be noted that these conclusions apply 
if one considers this background as a usual 4-dimensional one and applies the standard 



^Some special cases and related models were discussed also in |28[ 29] ]. 

®It is possible, of course, to consider more general (e.g. multi-center) choices for the harmonic 
functions F^^ , K, f, k^^ . In particular, taking all 4 functions to be 0(3)-symmetric but having 
centers at different points one finds the solution discussed in ]3C| ]. 

^If all charges are equal the dilaton is constant and the solution coincides with the extreme 
dyonic Reissner-Nordstrom black hole of the standard Einstein-Maxwell (a — 0) theory. The case of 
Qi — Q"^ = Pi: f 2 = corresponds to a solution in the case of dilatonic coupling constant a = l/\/3 

EM 
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rules of geodesic extension (what corresponds to analytic continuation of r to negative 
values). At the same time, if such backgrounds are considered as string-theory solu- 
tions, they are effectively higher- dimensional when probed at small scales and thus 
their short- distance structure should actually be analyzed from a higher dimensional 
point of view (more precisely, from the point of view of underlying conformal field 
theory). The extension of r to negative values seems not to make sense in that case. 

The ADM mass of black hole and the area of the event horizon (A = 47r(A^^r^)j,=o) 
are found to be 

1 



M = JT^iQ^ + Q2 + P1 + P2) , A = 47rJQiQ2PiP2 . (19) 

The expression for the mass can be written also as 

M = Q, + Q2 + g-\Pi + P2), (20) 

where we have chosen Gn = Cj^"* = |a'e^*°° = ^a'g"^ and Qi = AGnQi = \ot'g'^Qi-, 
Pi = \a'Pi (cf.(^)). One needs all four charges to be non- vanishing to get a non-zero 
area of the horizon and thus a non-zero value of the analogue of the Bekenstein- 
Hawking entropy^ 

Sbh = . (21) 

As in the purely electric case, there is a whole family of black hole solutions with the 
same values of electric and magnetic charges but different short- distance structure. 
They are 4-dimensional 'images' of certain (supersymmetric BPS-saturated) excited 
states of the solitonic string (|TBp which are described by a marginal 'deformation' 
of (|16[) which includes extra 'chiral' couplings (see ( p!OD and the next subsection). 
The knowledge of underlying 2d conformal field theory makes possible to count the 
number d{N) of such states for a given set of (large) charges {Qi,Q2^ Pi, P2) and to 
identify |jT9| the Bekenstein-Hawking entropy (|2l|) with the statistical entropy In d{N), 
supporting the proposal of [BO]. This will be discussed in Section 3. 



2.4 Generalisations and related models 



The models (p!T| ) , ([T6| ) are special cases of a chiral null model with curved transverse 
partQ 



L = F{x)du \dv + K{u,x)du + 2Ai{u,x)dx^ + \n\\iF{x) + L 



(22) 



^"^Extremal black holes have zero temperature and simplest examples of them were shown to have 
zero thermodynamic entropy | |3^ . This zero entropy conclusion does not, however, apply in the 
present 4-charge case as one can show by first defining the entropy in the non-extremal case (the 
corresponding solution was given in JT^) and then taking the extremal limit. It is important that in 
contrast to the simple Reissner-Nordstrom case here the limit involves several different parameters. 
Thus the Bekenstein-Hawking formula is still expected to apply to the case of these extreme dyonic 
black holes (cf. |3^). I am grateful to M. Cvetic for explanations on this point. 

^^When both K and Ai depend on u one can redefine v to absorb K into Ai [p4[. 
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= {G^j + Bij){x)dx'dx^ + n(j){x) . (23) 

There exists a renormalisation scheme in which ( p2D is conformal to all orders in a' 
provided the 'transverse' cr-model (23) is conformal and the functions , K, Ai,^ 



satisfy certain conformal invariance conditions. The simplest tractable case is when 
the transverse theory has at least (4, 0) extended world-sheet supersymmetry so that 
the conformal invariance conditions essentially preserve their 1-loop form 



I.e. are 



the 'Laplace' equations in the 'transverse' background (for simplicity here we assume 
that K and Ai are w-independent) ||2^, pJ|| 



diie-'^^VGG'^djF-^) = , diie-^'^VCG'^djK) = , (24) 

V^(e-2<A^*^) = -l^d^ie-^'^Vcr^) - \e-^^H^'^Tki = , (25) 
V G 



where F*^ = + l-ff^j^, J^ij = diAj - djAi. 

For example, the 8-dimensional transverse space may be chosen as a direct product 
of some 4-space and a 4-torus. If the functions defining M^-model have 5*0(3) 
symmetry we are led back to the case of ([T6| ) with 1-center harmonic functions. 
Choosing (s = 1, 2, 3) 

Ai{x)dx' = A{x)[dyi + as{x)dx'] , A = ^- ^ + K-^i + -^2) ^ ^26) 

r r + Pi 



we find a generalisation [|19| of the 'dyonic' model (|1^) which describes a spherically 
symmetric D = 4 background with two extra electric charges (g, —q) and the metric 
function and the area of event horizon being (the mass remains the same as in (p!9|)) 



^2 



A = , , (27) 

(r + Qi){r + Q2){r + Pi){r + P2) - q'[r + \{Pi + ^2)]^ 



A = Atx^^QiQ2PiP2 - Iq'iPi + P2)2 . (28) 

Further generalisations of the dyonic model (|16D (responsible for the 'hair' of 4- 
dimensional dyonic backgrounds) are obtained, e.g., by introducing Ai which describes 
rotation and/or Taub-NUT charge (see also and Section 4) or by switching on 
the M-dependence in K (or, equivalently, in Ai) as in the fundamental string case (p!0| ) 
discussed above. 

Another possibility is to consider 6-dimensional models with M^-part having (lo- 
cally) S'0(4)-invariant structure. In this case the transverse theory is the same as in 
the 5-brane model |27| 



f{x)dx"'dx"' + B^n{x)dx'^dx'' + n(j){x) , = 1 In /, 9^ = 0, (29) 

Gmn = f{x)5mn , Hmnk = —'^^/GG^^ emnkpdlCj) = —^mnkldlf, 
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where m,n,... = 1,2,3,4.Q One finds that the Laplace-type equations for F 
preserve their fiat-space form (Q) and thus (we assume that Ai = 0; cf.(|5D,(|T^)) 

/ = 1 + ^, F-' = l + % K = l + % (30) 
+ Q2 

The special cases of this model are: (1) six-dimensional fundamental string [P = 0) 
with momentum and winding numbers ~ Qi^2 [Qi (2) its = 6 S-dual - solitonic 
string solution (Qi = Q2 = 0, P 0) which is a D = 6 reduction of D = 10 
5-brane solution (3) 'dyonic' D = 6 string of (Qi = 0, (^2 7^ 0, P 7^ 

0). A generalisation of this background containing one extra (angular momentum) 
parameter will be constructed in Section 4. 

Dimensionally reducing the corresponding D = 6 model to 5 dimensions along 
u (or, from the point of view of the corresponding D = 10 solution, wrapping the 
5-brane around x T^) one finds the 3-charge {Qi,Q2, P) extreme dyonic D = 5 
black hole background.]^ The 5-dimensional string-frame metric and the Einstein- 
frame metric are related by g^i, = e '^'^^^'^G^u, e^*'^' = pFK~^, e^* = e^*°°F/, so 
that 

dsl = -\\r)de + \'\r){dr^ + r^d^l) , (31) 

2 

^ [(r2 + Qi)(r2 + Q2)(r2 + P)]i/3 • 

The mass of this D = 5 black hole, the 3-area of the regular r = horizon and the 
Bekenstein-Hawking entropy are (cf. ([T9|),(pl|))n 

M=-^{Qi + Q2 + P), Gj, = gP, (32) 
A = 2tx^Jq^Q2P , Sbh = -^ . (33) 



^^Thc £) = 10 model (|2^),(p9[) may thus be considered as an anisotropic generalisation of the 5- 
brane model of js^, : different isometric 5-brane coordinates are multiplied by different functions 
of the 4 orthogonal coordinates, cf.|Q. In a sense, it describes a fundamental string 'lying' on a 5- 
brane: the 5-brane is wrapped around 4-torus times (w-circle) with the fundamental string wound 
around the latter. The non-singular solitonic nature of the 5-brane is responsible for regularity of 
the 'combined' background. 

^•^In five dimensions an antisymmetric tensor is dual to a vector so that Hmnp is a magnetic dual 
of an electric field with charge P. The duality maps a D = 5 solution with 2 electric and one 
'magnetic' charge of one theory into a solution with 3 electric charges of a dual theory. 

""^^In general, for a black hole in D dimensions with gu — — 1 + [ijr^^^ + ... the ADM mass 
is (see, e.g., [|||) M = fi{D - 2)u;_D_2/167rGj^^ {u2 = 47r, = 2Tr'^, etc.). The Bekenstein- 
Hawking entropy is expressed in terms of the volume A oi (D — 2)-dimensional horizon surface by 



Sbh = A/ AG 



(D) 
N 



10 



If Qi = (^2 = -P we find X ^ = f = l + P/r^, $ = $00. Introducing = r^ + pg, po = 
a/P we then finish with the D = 5 extreme Reissner-Nordstrom metric 

dsl = -X^dt^ + X-'^dp^ + p^dnl , A = 1 - pI/p^ . (34) 



This special case (Qi = Q2 = P) was discussed in |2T| in connection with reproducing 
the Bekenstein-Hawking entropy as a statistical entropy using the D-brane approach 
to count the number of corresponding microscopic BPS states. As in the case of 
the D = A dyonic black hole model, this counting can be done also in a direct way 
(for generic large values of {Qi,Q2^ P)) using the fact that the small-scale ('throat') 
region of the corresponding D = Q conformal model is described by a WZW model 
with level ti = P/a' (see Section 3.3). 

There are also many other exact D = IQ superstring solutions described by 
(P^) , (PB|) . For example, we may take the 8-dimensional transverse model to be a 
product of the two '5-brane' models ( pQ]) 



L = F{x, y)du [dv + K{x, y)du\ + /i(x)9x"9x™ + f2{y)dy'^dy'^ (35) 

+ Si„„(x)9x™ax" + B2mn{y)dy'^dy^ + \nHF{x,y)h{x)h{x)] , 

where /i and /2 are harmonic. The conformal invariance conditions V*(e~^'^5iF~^) = 
0, W'{e-'^^diK) = reduce toQ 

[f2iy)dl + Mx)d^]F-\x,y) = , [f2iy)dl + /i(x)9j]K(x, y) = , 

and thus are solved, e.g., by 

F{x,y) = F,{x)F2{y), K{x,y) = K,{x)K2{y), (36) 

where Fi^2 and Ki^2 are independent harmonic functions. For the simplest 1-center 
choice of the functions this D = 10 'dyonic' background is parametrised by 6 charges. 
The special case {K = 1) of this solution was found in [^. 



3 Dyonic black hole entropy from string theory 

The D = 4 dyonic black holes (with four (^) or five (^) parameters) discussed above 
belong to the set of = 1 supersymmetric BPS saturated extreme dyonic solutions 
of the leading-order effective equations of T^-compactified heterotic string which are 



parametrised by 28 electric and 28 magnetic charges O, O, For fixed values 



^^I am grateful to J. Maldacena for pointing out a mistake in the equation below in the original 
version of this paper. 

-•^^These more general D = A solutions can be constructed ^ by applying special T- and 
S'-duality transformations to the 5-parameter solution but not all of them directly correspond to 
exact string solutions, i.e. to manifestly conformal D = 10 cr-models. 
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of charges {Qi,Pi) one expects to find a subfamily of = 1 supersymmetric BPS- 
saturated black hole backgrounds which all look the same at large distances but differ 
in their short- distance structure (i.e. at scales of order of compactification scale where 
their higher dimensional solitonic string origin becomes apparent). This classical 'fine 
structure' or 'degeneracy' should be responsible for the black hole entropy 0, ||, 0. 

To try to check the proposal pO[ that one can indeed reproduce the Bekenstein- 
Hawking entropy as a statistical entropy of degenerate black hole configurations it is 
sufficient to consider the simplest non-trivial choice of the charges {Qi,Q2, Pi, P2)- 
The aim is to explain the expression for the corresponding entropy (^If ) in terms 
of degeneracy of BPS states originating from possible small-scale oscillations of un- 
derlying six- dimensional string soliton (|16|) , , {\L^ . The relevant 'oscillating' D = 6 
backgrounds are described by the general model (p2D and can be thought of as special 



marginal deformations of (0). Since (16) defines a non-trivial CFT, the counting is 
not as simple as in the fundamental string ('pure electric') case, where, because of 
the matching onto string sources, one expects that BPS-saturated oscillating funda- 
mental string configurations are in one-to-one correspondence with analogous BPS 
states in the free string spectrum 0, ^. Still, it can be done at least approximately 
(for large charges) in a rather straightforward way. 

The key observation is that since the degeneracy is present only at small scales 
(all corresponding D = 4 black hole backgrounds look the same at large r) to find 
the number of different states one may first replace (|T6D by its short- distance (r — > 0) 
limit and then do the counting. In this 'throat' limit (|l^) reduces to a WZW-type 
model with level k, = 4PiP2/a'. Then for large values of the level the counting of BPS 
states should proceed essentially as in the free string case, with only two important 
differences. One is that now the string tension of the 'transverse ' part of the action is 
proportional to k. Another is that in contrast to what happens in the free string case, 
here the number of BPS oscillation states we should count is the same in the heterotic 
and type II theories. Indeed, the relevant marginal perturbations of the model (p!6| ) 
are only 'left', not 'right' (the functions in ( ^2]) can depend only on u, not on v to 
preserve the conformal invariance when both F and K are non-trivial). This is also 
related to the fact that the background in ([T6| ) is 'chiral' and has the same amount of 
space-time supersymmetry (A^ = 1, D = 4) in both theories (only 'left' perturbations 
will be supersymmetric). As a result, the entropy should be the same in heterotic and 
type II cases, in agreement with the fact that the corresponding black hole solutions 
(and thus the Bekenstein-Hawking entropy) are the same. 

This approach is legitimate if all four charges (Qi, Q2, Pi, P2) are large compared 
to the compactification scales (radii Rn of compact coordinates yi,y2 which we shall 
assume to be of order of \fa') . Indeed, the scale of the soliton is determined by \/PiP2 
and thus is large (i.e. the curvature at the throat is small) provided the magnetic 
charges are large. At the same time, if the large-distance value of string coupling is 
taken to be small (e*°° < 1), to ensure that its short distance ('throat') value (e*°) is 
also small (see ([T8|)), one is to assume that the electric charges are of the same order 
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as the magnetic ones. Similar remarks apply to the case of the D = 5 dyonic black 
hole model discussed in Section 2.4. 



3.1 Throat region model and magnetic 'renormalisation' of 
string tension 

The model (p!6D ,(|5|), ([T^) has a regular r — > limit described by [|18|, |19 



- / (faLr^o = — / (fa {dzdz + dudu + e ^dudv (37) 

+ dyidyi + d(pd(p + d6d6 — 2 cosOdyidcp) 
= — I £a( e^dudv + QiQ^^dudu) 

p y (fa (dzdz + dyidyi + difdip + dOdO — 2 cosOdyidif^ . 



Here 



K = —P1P2 , z = In — ^ 00 , (38) 
a r 

{Ql'Q2PlP2r'^\ V = {QlQ2^PlP2y^'^V, yi = P,-'yi + if. 

As already mentioned above, an important property of this model is that here (in 
contrast to, e.g., the 5-brane model p^) the dilaton is constant in the wormhole 



u 



region. 1^ 

The throat region model (|37D is equivalent to a direct product of the SL{2,R) 
and SU (2) WZW theories (divided by discrete subgroups) with both levels equal to 
Since the level of SU (2) must be integer, we get the quantisation condition for 
the product of magnetic charges, P1P2 = ^a'n.f^ 

For large values of charges, i.e. large k, one may expect that the counting of 
states in this model may proceed essentially as if this was a flat space case. The only 
(but crucial) difference is that the transverse {z,yi,(f,6) part of the action has now 
'renormalised' string tension 

1 1 _ P1P2 

a' ^ ^~ ^ ■ ^^^^ 



^^Assuming that all 4 charges are of the same order we may ignore the difference between the 
values of the dilaton (string couphng) at r = 00 and at r = (see (p^). 

^^Similar model (corresponding to the special case of Pi = P2, Qi = Q2) was previously discussed 
in p. 

^^ioreover, each of Pi and P2 should also be quantized. For example, the requirement of regularity 
of the 6-metric ^ \dyi + Pi{\ — cos 9)dtfY + ••• (the absence of Taub-NUT singularity) implies that 
one should be able to identify j/i with period 47rPi, which is possible if 2Pi/Ri — k. By T-duality 
in 2/1-direction the same constraint should apply also to P2, i.e. 2P2 — IRi — lo^' /Ri- 
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Though this rescahng seems to be the correct final result, to think that counting can 
be done exactly as in fiat space is an oversimplification: the presence of non-vanishing 
electric charges is actually as important as the presence of the magnetic ones. This 
is crucial to take into accout in order to demonstrate that all the transverse coor- 
dinates get renormalised tension.]^ While the coefficients in front of 'longitudinal' 
terms dudv and dudu can be rescaled, this does not apply to the coefficient of dzdz 
term (which determines the level of SL{2,R)). Since {u,v,z) are coupled, the infor- 
mation about the scale of dzdz 'propagates' into the rest of the transverse part of 
the action (omitted in (|37|) ) through the dependence of perturbations on u. The rele- 
vant (supersymmetric, left-moving) perturbations in all other free transverse compact 
coordinates are represented by the ^j-term in (^21): 

L' = L + V, V = 2F{x)An{u, x)dudy'^ . (40) 

They are marginal if An = qn{u)/r where g„ are related to profiles of oscillations 
in Un directions. These perturbations vanish at large r while near r = we get 
V ~ 2qn{u)Q2^dudy"' . The dependence on magnetic charges enters indirectly - due 
to the fact that u is coupled to z = \n{Q2/r). For r — >• we get (cf. (|37|) ) 

L' = e-'duBv + QiQ^^duBu + PiP2dzdz + 2qn{u)Q2^ dudy'' + dyndyn + ... , (41) 

where dots stand for the 3-sphere and constant dilaton terms. To see the effect of 
non- vanishing g„ let us integrate out y^- Then 

V = e-'dudv + c{u)dudu + PiP2dzdz + ... , c{u) = Qf[QiQ2-qn{u)qniu)] ■ (42) 

Note that all transverse 'charges' qn{u) enter on an equal footing. Since {u,v,z)- 
theory is SL(2, R) WZW model with level k, = Aa'^^PiP2 ^ 1 the coefficient in front 
of < qnq-n > term in the stress tensor or Virasoro operators will thus be rescaled by 
a factor of 1/k. At the same time, < g„g„ > should have an interpretation of the 
oscillator level. Solving the classical equations for v, z using 1/n expansion (assuming 
that z is finite, i.e. that k goes to infinity before r goes to zero) and computing the 
Virasoro operators one finds that for a winding (in u) string state the level matching 
condition becomes mw ~ < qnqn > or A''^ ~< g„g„ >~ nmw. 

More explicitly, using the fiat-space counting picture one finds that if w and m 
are the winding and momentum numbers of a free heterotic string compactified on 
a circle of radius R, then the mass and oscillator level of BPS-saturated left-moving 
oscillation modes (iV^ = 0, = — 1) are given by the standard expressions 

Tfl XvR 1 Q^' 

M=- + — = -— (Qi + Qs) , NL = mw = -—^QiQ2, (43) 

It OL 4Ltjv iOLrjy 

^"^I am grateful to F. Larsen for raising this issue. 
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where we have used to express m,w in terms of the 'space-time' charges Qi,Q2- 
The relations (|43|) are true in the case when both and non-compact terms in the 
string action have the same overall coefficient (tension). The magnetic renormalisa- 
tion (|39| ) of the tension of the transverse part of the action implies that Nl is to be 
rescaled by the ratio of the 'longitudinal' (l/27ra') and 'transverse' (l/27ra^) tensions 
(the oscillator level is proportional to the inverse of string tension) 

AT AT 1 P1P2Q1Q2 .... 

Nl-> Nl = —mw = jKmw = — — . (44) 
Since the charges are large we ignore the quantum ' — 1' shift. 



3.2 Statistical entropy 

The number of BPS states in the free string spectrum with a given left-moving os- 
cillator number iV^ > 1 is (see, e.g., @]) d{NL)NL^i ~ CoiV]^ exp(47rA/]VL). Then 
the statistical entropy of an ensemble of states with the same charges but different 
left-moving oscillation modes is given by 



'stat 



\nd{NL)N,»i ~ 47rJiVi . (45) 



Using the expression ( ^I]) for A''^ we then find that, for large charges, Sstat coincides 
with the Bekenstein-Hawking entropy (^I]) , 



TT 



VP1P2Q1Q2 A 



Sstat ~ 477 JiV^ = 27rvWiy = " ^^^^^^ = =SsH . (46) 

It should be emphasized that there is no ambiguity in the overall coefficients in these 
expressions for the entropy. First, there is no ambiguity in the coefficient in front 
of the thermodynamic entropy (in contrast to the stretched horizon approach to the 
purely electric case where the numerical coefficient in front of S^j^ depends on a 
choice of a position of the stretched horizon [0, |l^). Also, the coefficient in front of 
y/Ni, in d{Ni) is related to the fact that underlying degrees of freedom correspond 
to a ('half of) 1-dimensional extended object, i.e. are described by a 2d field theory 
(see also |^0|)- Note also that the dependence on the Newton's constant effectively 
drops out.0 

^^The statistical entropy is given by a classical string-theory expression and does not depend 
on the string coupling. The constant Gm needs to be introduced to express (cf.(||)) the string 
'microscopic' quantum numbers in terms of 'space-time' charges (which appear in the effective field 
theory description). This is necessary in order to be able to compare with the Bekenstein-Hawking 
entropy. Since Sbh itself originates from the on-shell value of the (euclidean) space-time effective 
action it also contains a factor of 1/Gjv. 
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3.3 D = 5 extreme dyonic black holes 

The universality of the relation between the statistical and Bekenstein-Hawking en- 
tropies is confirmed by analogous consideration of the case of D = 5 extreme dyonic 
black holes described by (0),(^9])-(^). Here the throat limit r ^ is described by 
a similar SL{2,R) x SU{2) WZW model (cf.(|33)-(|3|))0 

1,^0 = —, I cPo (e-'duBv + QiQ^^dudu) (47) 
+ "r~ / '^^cr idzdz + dtl}dtl} + d'^d'j) + dQdQ — 2 cos Qdi\}d'^ 

4:71 J ^ 



, z = ln%^oo, ^ = . (4J 



Its integer level k = P/a' again rescales the tension of the 'transverse' part of the 
action by a' /a'^ = P/4a'. The important factor of 4 difference compared to the 
expressions in (|38D,(|39|) is related to the increased dimensionality of the spatial sphere 
(here the harmonic functions depend on r^; note also that the standard metric on 
with unit radius is ds'^ = WdO"^ + sin^ Odip"^ + {dip — cosOdip)'^], where < < tt, < 
< 27r, 0<ip< An). 

The analogues of the relations (^3|),(^4D are found by using the expressions for 



the charges (we apply (0) for D = 6 fundamental string; as in (|52D here Gn = G^^^ 



N 



^ 4 m ^ 4^ wR „ , 
Qi = -Gn ■ ^ , Q2 = -Gn ■ ^ , P = Ka' , 49) 
TT n n a' 



m wR TT ,^ ^ , - aV^ ^ ^ , ^, 

M=- + — = -—{Qi + Q2), NL=mw = -—^Q,Q2 , 50 
it a' AGn loGff 



a' -k'^P 
Nl^ Nl = —mw = \kmw = Q1Q2 ■ (51) 

a I * 64G^ 



The expression for the statistical entropy is then (cf.(^),(^ 



nWPQiQ2 A 



Sstat ~ 47r JiVi = 27rv/^^ = =77^ = ^bh- (52) 

Notice again a remarkable consistency of numerical factors. 

In the special case oi Qi = Q2 = P the same conclusion was reached in [21 
by first transforming the heterotic string solution into a type II string one using the 
D = Q ^-duality and then counting the number of corresponding BPS states as D- 



brane bound states. As the approach (described in and above) based directly on 

^^The 'transverse' (z, 7/;, 6) part of the throat region is exactly the same as in the 5-brane model 
]27[| (where Qi — Q2 = 0) except for the fact that here the dilaton <I> is constant in the r ^ 
region, i.e. the string coupling is not blowing up. 
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the underlying conformal field theory, this 'D-brane counting' approach also uses the 
assumption of large charges and also reduces to evaluation of a number of states in 
some 2d conformal (hyperkahler) a-model. A simpler D-brane counting derivation of 
the entropy of D = 5 extreme dyonic black holes which applies to the general case of 
arbitrary large charges Qi, Q2, P was recently given in |p2| . 



4 Rotating D = 5 extreme dyonic black holes 



The conformal chiral null model (^2]) with non- vanishing ^j-term describes also rotat- 
ing purely electric extreme supersymmetric black holes in various dimensions. Indeed, 
( ]22| ) with fiat transverse part represents IWP backgrounds which include, 
in particular, extreme Taub-NUT and rotating solutions (for axi-symmetric choices 
of harmonic functions). The corresponding extreme solutions (with rotation in only 
one plane) have naked ring singularity in D = 4, 5 but get regular horizon and sat- 
urate Bogomol'nyi bound in D > 6 More complicated rotating solutions in 
D = A (which have the same large r asymptotics as the extreme supersymmetric low- 
energy solutions obtained by applying T-duality transformations to Kerr solution 
but do not have naked singularities) can be constructed by taking a periodic array of 
D > 5 black holes or by starting with the chiral null model (^2]) with w-dependent 
coupling K or Ai (which describes a background produced by oscillating or rotating 
D = 5 fundamental string) and averaging over the compact direction |^ (in this latter 
case there is a natural Regge bound on the maximal value of the angular momentum 
but the short-distance form of the solution is not explicit). 

One may wonder how the properties of D = 4, 5 rotating solutions change once 
one adds magnetic charges, i.e. considers extreme supersymmetric dyonic black holes 
described by (^) with curved transverse part.|^ It turns out that the rotating version 
of the D = A background corresponding to the model (p!6| ) still has a ring singularity 
as in the pure electric case.|^ At the same time, there exists a natural rotating 
generalisation of the 3-charge D = 5 dyonic model (PUD,(PTD which describes a non- 
singular rotating dyonic black hole solution of D = 10 heterotic or type II theory 
compactified on x T^. In the special case when all 3 charges are equal this model 
is a conformal cx-model behind the solution found in |2^ (which itself is a rotating 
version of the solution of [pl[] ). 

As we shall see below, the requirement of conformal invariance of underlying cx- 
model (which reduces to a condition of self-duality of the strength of 4-potential Ai 
in (|22|)) implies that (as in |3^, ^) one needs two equal components of rotation in 



the two orthogonal planes. A remarkable feature of this model is that like in the 
absence of rotation (Section 3.3) it has a regular throat region described by a similar 

^■^The importance of this problem was emphasized to me by M. Cvetic. I would like to thank her 
for helpful discussions of several aspects of rotating solutions. 

^"^The presence of the singularity may, in principle, be harmless at the string-theory level provided 
the corresponding 5-dimensional conformal cr-model is regular. 
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SL{2, R) X SU{2) WZW model. The bound on the maximal value of the angular 
momentum and its quantisation then follows directly from the conformal field theory 
considerations.^ The expression for the entropy of the resulting rotating black hole 
can again be understood in terms of counting of possible BPS deformations of the 
conformal model (a D-brane counting derivation of the entropy in the special equal- 
charge case was given in p2|). 



4.1 D = 6 conformal cr-model and D = 5 black hole 

Let us consider a 6-dimensional model (^) with the 'transverse' M^-part [Gmn, Bmn, 
0) having torsion related to dilaton in the following specific way (m, n, ... = 1, 2, 3, 4) 



This relation is satisfied both when the M^-part is represented by S'0(4)-invariant '5- 
brane' cr-model ( pQ]) and in the case of S'0(3)-invariant model in (|I6]) (there one needs 
to assume that yi = x^, Xg = {xi, X2, X3) and that asds4> = which is satisfied for the 
1-center background ([T^)). Then the conformal invariance condition for 4- vector Am 
(|25|) takes remarkably simple form 

dUe-'^^VGJT) = , (54) 

rmn 'rrmn , ^*r?in -7-*mn -mnkl r 

J-j^ =J- + J- , J- — e J-kl ■ 

Ay G 

The simplest solutions existing for arbitrary are thus given by abelian 4-dimensional 
instantons 

{y/GG"'''G''^ + |e™^"')-^„i = . (55) 

Since this (anti)selfduality equation does not depend on a scale of Gmn, in the S'0(4)- 
invariant case of (^9]) (corresponding to the D = 5 solution discussed below) it does 
not depend on the 'magnetic' function /, i.e. takes the flat space form. Choosing the 
4 spatial coordinates as x^ + ix"^ = r sin 9e^'^, x^ + ix^ = r cos ^^^'^ 



5 



dx'^dxm = dr' + r\de' + sin' Od^' + cos' Odi)') , (56) 

the equation (|55| ) can be solved by a simple ansatz with rotational symmetry in the 
two orthogonal planes 

A^=A^{r,e), A^=A^{r,e), Ar = Ae = Q, (57) 



^^This solution has a non-singular horizon only if all 3 charges are non- vanishing. A generalisation 
of extreme purely electric D — b solution in to the case of two components of rotation remains 
singular. 
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_ r cot e drA^p - deA^ 0^ _ r ^ cot g dpA^ + drA^ 

r-^ sm cos o r-^ sm u cos o 

T'^ = -r-i tan 6 , = r tan 6 J^f . 

Imposing jF^" = one finds^ 

A^ = sin^ 6 , = ^ cos^ 6, 7 = const. (59) 

[ In the S'0(3)-invariant case ([TBI) (related to the = 4 dyonic solution) one finds 
that the self-duality condition becomes (we assume that the fields do not depend on 
the internal coordinate yi)fj} 

^pq~\~ o-pdgA — ttgdpA + k epggdgA = , A(^x) = Ay-^ . 

Since dpttg — dgttp = —epggdsk'^ this becomes dpAg —dgAp = —k^^epgsdg^kA), where 
Ap = Ap- Aag. Then d''[k~'^ds{kA)] = 0, i.e. A{r) = q/r and A^ = g(l - cos6') in 
the simplest 1-center case, so that we get an extra Taub-NUT term in the resulting 
D = A metric (i.e. (g) with dt^ {dt + A^dip)^ and A^^ ^ F'^Kfk-^ - k-^A^, 
cf.(p]7|)). It is interesting that all the charges can be superposed in a way consistent 
with conformal invariance with the Taub-NUT charge being related to the charge of 
A. The solution ( P^D found in |T^ corresponds to = but with A subject not 
to (^) but the full second order equation (|54D. The n = yi component of it reduces 
to d^[f~^k~^ds{kA)] = (which is solved by (^^) while three other components are 
satisfied identically. ] 

Since the presence of ^m-coupling does not change the equations (|^) for the 
functions F, K they can still be chosen as in (|30|). Dimensionally reducing this D = Q 
model (p2|),(p9D to 5 dimensions along u as in Section 2.3 one finds the rotating gen- 
eralisation of the 3-charge {Qi,Q2, P) extreme dyonic D = 5 black hole background 



(pTP . The resulting 5-dimensional Einstein- frame metric is 

dsl = -X\r){dt + An.dx'^f + \-\r)dx'^dx^ (60) 



-A" (r) [dt + (sin' ed^ + cos' ddi))Y + \-^{r) [dr' + r' {dO' + sin' Odip' + cos' ^#')] , 



A 



^2 



[(r2 + Qi)(r2 + Q2)(r' + P)]V3 ' 

where A(r) is the same as in the static case (|3lD. As for 7 = the surface r = is a 
regular horizon. The mass of this D = 5 rotating dyonic black hole is still given by 



^^In addition, there is a growing solution = jr^ sin^ 9, = —^r^ cos^ 9, which describes a 
rotating magnetic universe (a similar solution with one rotational plane was discussed in p^). 

27Here Hy^^g = dgbp - dpbg, Gy^y^ = f-\k-^ + ka,a,), GP" = f-^kSP", G^y^ = -f-^kap, 
\fG — f^k~^, p, q, .. — 1, 2, 3. All repeated indices are contracted with flat metric. 
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(|32| ) while the angular momenta in the two planes areQ 



J^ = J^ = J = -^7 • (61) 

In the r — i> limit the metric becomes 

{ds\^o = {QiQ2Py^^[{d\nry + dO"^ + ?>m^ Od^"^ + cos^ 6 d^fj^ 

- 7777^ (sin' Odifi + cos' Odi^f] , (62) 
Q1Q2P 

leading to the following expression for the area of the r = horizon (cf. (^3|) ) 



A = 27r - 7' • (63) 

The combination Q1Q2P — 7^ should be positive in order for the signature of the 
metric (^) to remain euclidean. Thus there is no regular rotating solution in the 
electric limit P ^ 0. 

Expressed in terms of quantised charges (^9|) and the angular momentum (|6l|) 
the entropy becomes 

Sbh = = = 27iVKmw - . (64) 

The special case Qi = Q2 = P oi this solution (written in terms of p in (0)) was 
found in p2| where the corresponding thermodynamic entropy was also obtained 
using D-brane counting approach. Interpreting the above general D = Q background 
as a solution of type IIB theory in 10 dimensions and applying SL{2, Z)-duality to 
transform it into a solution supported by RR-charges it should be straightforward to 
reproduce the entropy (p^ by generalising the counting done in the non-rotating case 
in 



4.2 Throat limit, bound on angular momentum and entropy 

Having identified a conformal a-model behind this rotating solution one is able to 
derive some of its properties directly from the corresponding conformal theory. As 
in the non-rotating case ( ^Tf ) the throat limit r ^ of this model is regular and is 
described by SL{2,R) x SU{2) WZW theory. The angles (^,y?,^/') in (§§ are related 
to the standard 5*^ Euler angles used in (|^) by (these Euler angles in ( ^Tj) here will 
be denoted by primes) 

9 = ^9', ^=i((^' + ^'), ^ = i(^'_(^'), < 0' < TT, < V?' < 27r, < ^' < 47r. 

^^In general, for a black hole in D dimensions with the metric gu — jCikx'^ /r^^'^ + ... the angular 
momentum in (i, k) plane is | |39| | J = . 
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Defining z = In ^ we get (cf.(^) 
1 



P 



e-'dudv + QiQ^^dudu + -fQ^^du{dip' - cosO'dcp'] 



+ / rfV f dzdz + dtp' dip' + d^'d^' + 89' 89' - 2 cos 9' dip' dip' 

Ana' J ^ 



(65) 



The 7-term (~ 8uJz) can be interpreted as an integrable marginal deformation of the 
SL{2, R)xSU (2) WZW model (similar models were discussed in p3| , Q). Introducing 

iP" = ip' + 

we can represent this action in the SL{2, R) x SU{2) WZW form as in ( P7| ) 



+ 



P 



1 

Tca' 



(fa 



e-'8u8v + {PQl)-\QiQ2P - j'^)8u8u 



(66) 



/ rfV (8z8z + 8ip"8ip" + 8ip'8ip' + 89' 89' - 2 cos 9'8iP"8ip') . 



The two ^TN^ models (described by (z, M,f) and {9' ,ip' ,ip")) have the same level 
K = PjoL . The consequences of this representation are: 

(1) Quantization of parameters: P = a' n is quantized since the level of SU{2) 
is. Demanding that ip" should have the same (47r) periodicity as ip' we conclude that 
the value of 7 should be quantised 'jRP~^Q2^ = I =integer (R is the radius of the 
compact coordinate m).0 Relating Q2 to the 'winding number' w ( ^Qj ) and 7 to J 
(|6l|) we conclude that 



a'n. 



7 



P^l 
R ' 



I.e. 



J = KWL 



(67) 



so that J should take only integer values. 

(2) Bound on angular momentum: In order for u to have positive norm in (66) 
we should have (we assume that all the charges are positive) 



Q1Q2P - 7' 



AG 



nmw — J ) > 0, 



z.e. 



J < KUIW 



IT 



(68) 



^^From the low-dimensional classical effective action point of view 7 can, of course, take continuous 
set of values. In principle, it is not necessary to insist on representing (^5|) in the 'factorised' 
SL{2, R) X SU{2) form ( |66|) with 47r-periodic ^p" . However, if 7 is not quantised it breaks space-time 
supersymmetry at the string-theory level (as in the 'magnetic' models in |4R ^ Q)- Note that like 
(world-sheet supersymmetric) SL{2, R) x SU{2) WZW model the theory (65|) has zero central charge 
deficit. Continuous supersymmetry breaking does not contradict standard lore since this model is 
non-compact. Supersymmetry is important in the present context in order to be able to reproduce 
the entropy ( |64| ) as a statistical one (it is only if J is quantised that nrnw — may be related to a 
number of microscopic states). 



21 



getting a constraint on maximal value of 7 or J . This 'Regge bound' thus follows 
directly from the regularity of underlying conformal cx-model.^ 

The structure of the throat region theory and the fact that the angular momen- 
tum terms {Aidudx^) appear in the conformal cr-model action (^) in the same way 
as (and indeed are particular examples of) marginal perturbations corresponding to 
left-moving oscillations of the solitonic string ('fundamental string wound around 5- 
brane') strongly suggests a possibility to understand the expression for the entropy 



(6^) along the same lines as in the non-rotating case discussed in Section 3. Introduc- 
ing a M-dependence into 7 or J, J{u) = J + J{u), and treating J{u) as a perturbation 
of the original model^one should get, using 1/k expansion, the following level match- 
ing condition 

mw = - < .P{u) >=-J'^ + - < .P{u) >, NLr^< .P{u) >= Kmw- .P. (69) 

This argument is exactly parallel to the one given in Section 3 with J{u) playing the 
role of a 'charge' q{u) (cf.(^0D-(^2D). As in ( ^2]) the corresponding statistical entropy 
then reproduces the expression for the Bekenstein-Hawking one (|6^) . 

Let us finish with remarks on other related solutions. The D-brane counting 
arguments in [22|| imply that there should exist a solution with independent val- 
ues of angular momenta J<^ and in the two planes. Such a solution is not de- 



scribed by the chiral null model (^21) (which, at the same time, represents almost all 
known exact extreme solutions) .Q One may also consider a generalisation to the case 
when the harmonic functions F~^, K, f are not spherically but only axially symmetric 
{x^ + ix'^ = y/r"^ + a"^ sin = 1 + ^,2^_^eos2g ; etc.). It may be of interest to con- 

struct rotating D = 4 solutions by reducing these D = 5 solutions (their multicenter 



generalisations) down to 4 dimensions as in 46, 47 . 
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^°The same condition is necessary to avoid closed time-like geodesies in the resulting dimcnsionally 
reduced {D = 5) metric H]. _ 

3iTlie perturbation ~7(u)aM(9V'- cos 6''a(^') of 5i(2, i?) x S'C/(2) WZW theory (cf.(||)) remains 
marginal for arbitrary function 7(u) (as follows from the presence of the mixed dudv-tcrm in SL(2, R) 
action) . 

■^^In particular, a solution with an angular momentum in only one of the two planes (e.g. A^p 7^ 
0, A4, = 0) must satisfy, according to (|^,(|5|) drf'^deA^ = so that A^ = Ap{r) ifP^O. Then 
Aif, — — clnr + a — const, which does not decay at large r. 
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